We consider the simple and classical theorem of the motion of the centre of mass, pointing out that many textbooks append a wrong corollary to it: that the motion of the centre of mass is always independent from the internal forces. We give an explicit example showing that this corollary is wrong. We discuss using a historical approach the genesis of such a misunderstanding. The contents of the paper may be used at different levels of complexity. The explicit example may be used to discuss the theorem at an undergraduate level in a clearer way than usual, but the paper also contains much for an advanced course on classical mechanics. Moreover, the historical approach may also be of interest in the study of the philosophy and sociology of science.
Introduction
The aim of this paper is to discuss some questions related to an elementary theorem of classical mechanics: the theorem of the motion of the centre of mass (TMCM) for a generic system of particles. This is a topic considered in nearly all books on theoretical mechanics and physics, but when I have discussed it with colleagues I have discovered several misunderstandings about the mechanical significance of the theorem. Because it is an elementary topic of classical mechanics, I have been always surprised about this situation and for this reason I have taken some time to read again this statement in various textbooks.
The result of this reading exercise has been surprising. I have discovered that in many cases the TMCM is stated and explained in a sloppy way, and sometimes is accompanied by misleading and confusing examples. It is not rare to find, in famous textbooks, the same mistakes about the mechanical interpretation of the theorem that usually careless students of mechanics make.
These observations are not new. In Bari, Benvenuti 1 [9] delivered a conference entitled Sul Moto del Baricentro where the significance of the TMCM was discussed in a clear and rigorous way, and many of the underpinnings of the case were explained in detail. In reading again the text of the conference [9] , I have realized that the mechanical significance of the TMCM is not trivial at all. To understand clearly the statement of the theorem you need knowledge of different mathematical concepts that usually are not known by students taking a course in the fundamentals of physics. For this reason a clear, rigorous and simple explanation of the TMCM may prove to be a difficult task.
The paper by Benvenuti [9] on the other hand is very well written but in Italian, in a minor home journal, and not very simple. In my experience, when a non-mathematician reads [9] , the usual reaction is to think that the arguments of Benvenuti are a sort of mathematical oddity and that in the usual and important applications of physics, people do not have to pay too much attention to the possible misunderstandings spotted by Benvenuti. On the other hand, readers with a strong mathematical background usually do not appreciate why a widespread confusion about this theorem is truly pernicious for the subsequent correct understanding of many basic concepts of mechanics.
For these reasons I think we need more than a simple English translation of [9] . Therefore, I give a new, original and simple example that I think is worth considering to illustrate the TMCM underpinnings in a direct way. Moreover, I have reconsidered the remarks of [9] in a historical setting, another strategy that may help to understand the problems associated with the TMCM. This paper is organized as follows. In section 2 we analyse the theorem from a historical point of view by considering how it is presented in various fundamental books of mechanics. Then, in section 3, we present a new original example. Section 4 is devoted to some conclusions.
The problem
We use the following notation. First we consider a particle P with mass m. The motion of P is a mapping which associates with each time t ∈ [t 1 , t 2 ] a point P (t) in the Euclidean space. The velocity of P is denoted by v and the acceleration by a. The force applied to P is F and we know that this force may be a function of position, velocity and time, i.e. F = F (P , v, t).
Newton's second law states that
In classical mechanics, the principle of determinism 2 is in force and therefore the solution of the Cauchy problem
exists and it is unique. Now let us consider a system of particles say P i for i = 1, . . . , N. We denote by m i , v i and a i the mass, velocity and acceleration of the ith particle respectively. In this case we have to take care of external, F E i , and internal, F I i , forces. Clearly, by Newton's third law, the sum of the internal forces (or resultant) is null. On the other hand, because
, it is clear that the resultant of the external forces,
We denote the centre of mass of this system of particles by G and the total mass of the system by M = N i=1 m i . It seems that the TMCM was stated first by Newton himself 3 , but because the reading of the Principia is not an easy task, we start our investigation from more modern books. In 1904, in his second edition of the celebrated Traité de Mécanique Rationelle, Paul Appell, states the theorem in the usual form:
The motion of the centre of mass of a system is the same as a material point whose mass is the total mass of the system and to which we consider applied a system of forces equal and parallel to the external forces 4 . [2, p 20] If we use a formula, this wording may be stated as
but usually, in many textbooks, formula (3) is reported as Ma G = R, omitting the dependence
In Benvenuti's opinion [9] , the wording 'se meut comme un point matériel', i.e. is moving like a material point, is the main reason for all the confusion. Indeed, this wording will produce in the reader an expectation that (3) may be always used to determine the motion of the centre of mass. But this is not the case. The nature of relation (3) is completely different from equation (1) . Equation (1) is a second-order vectorial differential equation from which it is possible, via the Cauchy problem (2) , to determine the unique motion of a particle starting from P 0 , with the velocity v 0 at time t 0 . It must be clear that relation (3) is not a differential equation and, in general, the motion of the centre of mass of the system may not be obtained from it. Indeed, (3) allows us to determine the acceleration a G of the centre of mass only if we know the motion of all the points P 1 , . . . , P N of the system. In other words, relation (3) cannot be used in a Cauchy problem to determine the motion, G(t), of the centre of mass, once we fix G(t 0 ) = G 0 and v G (t 0 ) = v G0 as we do for the particle P in (2) .
To understand the wording used by Appell in his statement of the TMCM we have to read carefully the six examples in [2] (from p 20 to p 23). Only by reading all the details of such examples can we understand in a rigorous way the wording used by Appell for the TMCM.
The first example in [2] is about the (important) case when R = 0. In this case (3) is rewritten as
and therefore this relation turns out to be a (trivial) differential equation. From this differential equation, which states the conservation law for the total linear momentum p = Mv G of the system, it is possible to determine the motion of the centre of mass of the system in a unique way for given v 0 and P 0 . I point out that in many textbooks authors denote with the name centre-of-mass theorem only this conservation theorem. In the N-body problem of Newtonian mechanics, it is also usual to deduce this theorem via Noether's theorem by considering the invariance of the Lagrangian function under the Galilean velocity transformations [19] . The invariance of Newtonian mechanics under the Galilean transformations is also nicely discussed in [3] . 3 Indeed in the Principia Lib I, p 17, you will find the statement of (3) when R = 0. This is the strong version of the TMCM and it seems that this was the only version considered by many authors for a long time. See the first volume of J L Lagrange Mécanique Analytique (Paris, 1788) or Die Mechanik in ihrer Entwicklung Historisch-Kritisch Dargestellt by E Mach (Leipzig, 1883). 4 Le centre de gravité du système se meut comme un point matériel qui aurait pour masse la masse totale du système et auquel seraient appliquées des forceségales et parallèles aux forces extérieures.
The second example is the case when the external forces acting on the system are just the weight, i.e. F E i = m i g. Here g is the gravity constant acceleration in the usual elementary approximation. Now we have R = Mg and (3) is given by
and therefore, once again, it is possible to use this differential equation to determine the motion of the centre of mass via an appropriate Cauchy problem. I quote a comment by Paul Appell about this case 5 .
If a human being is thrown into the void under the unique action of gravity, the centre of mass will describe a parabola and muscular forces cannot modify the trajectory of the centre of mass because they are internal forces 6 .
This comment is added by Appell at the end of the famous and popular example of the explosion of a projectile. In my opinion, this example is the second important source of confusion about the TMCM. In this particular example, the motion of the centre of mass is independent of the internal forces, but this is again a happening circumstance. Indeed, as in (4), equation (5) is an ordinary differential equation and therefore it is possible to determine the motion of the centre of mass by the TMCM. We have to read more on p 21 of [2] . Indeed, we find a very important remark.
Remark. In the previous examples, we have been able to determine the motion of the centre of mass and this with no knowledge of the internal constraints and the internal forces: this is because the RHS of the equations (3) do not depend on ξ, η, ζ . In this case it is possible to integrate these equations and we do not need any knowledge of the other equations of motion: this is not possible in general; the RHS of equations (3) depend on all the points of the system and these equations may only give general information about the motion . . . 7 .
We note that Appell's equation (3) is the same as our equation (3) . In [2] it is written in scalar form, without the dependence of the resultant. Moreover, ξ, η and ζ are the coordinates of the centre of mass in a Cartesian reference system. It is convenient to recast the contents of the remark by considering some formulae. First of all we note that (3) is indeed of the same form as (1) if and only if
Only in this case can we say in a literal sense that the centre of mass se meut comme un point matériel (moving like a material point) because only in this case can we use (6) to set up a Cauchy problem for the centre of mass, and because (6) is independent of internal forces, it will be the motion of G.
To emphasize the circumstance when (3) may be used to determine the motion of the centre of mass, we introduce a special definition. We say that a set of forces 5 Page 21 of [2] . 6 De même, si unêtre vivant est lancé dans le vide sous l'action de la pesanteur, son centre de gravité décrit une parabole et les efforts musculaires qu'il peut faire ne modifient pas la trajectoire du centre de gravité, car ces efforts sont des forces intérieures. 7 Remarque. Dans les deux derniers examples, nous avons pu trouver le mouvement du centre de gravité, sans rien connaître des liaisons et des forces intérieures: cela tientà ce que, dans ces cas, le seconde membre deséquations (3) ne dépendent que de ξ, η, ζ . On peut alors effectuer l'intégration de ceséquations sans connaître les autreséquations du mouvement: en général, il n'en sera pas ainsi; le second membre deséquations (3) dépendront des coordonnées de tous les points du système et ceséquations ne donneront qu'un renseigment sur le mouvement . . . .
i.e. the sum (or resultant) of the forces depends on the position and the velocity of all the particles of the system only via the position and the velocity of the centre of mass. What Appell says in the remark quoted above is that if the external forces are a G-autonomous set, then
• we can determine the motion of the centre of mass by using (3), • the motion of the centre of mass is independent of the internal forces.
The two examples that we have already quoted from [2] are examples of a G-autonomous set of external forces, but it is clear that usually the set of external forces are not G-autonomous and therefore from (3) it is not possible to deduce the motion of the centre of mass if we do not know the motion of all the particles P i of the system. Because the motions of the particles depend on the internal forces, the same can be said about the motion of the centre of mass. This is clear from a mathematical point of view. Indeed the dependence of a quantity upon a variable may be explicit or implicit. In this case we have an implicit dependence of the motion of G upon the internal forces via the fact that the motion of G must depend on the motion of the various particles P i .
In the next section, we shall provide an original, elementary and direct example of how the motion of the centre of mass depends on the internal forces, but for the moment let us consider in more detail some historical aspects. First of all, let us say that another important example about the TMCM is reported in [2] . This is the marché example on p 22 that Appell quotes from the book on mechanics by Charles-Eugéne Delaunay. (In my copy of the book by Deulanay [11] of 1856, I was not able to find the example quoted by Appell.) The example is a classical one, which explains that it is because in the presence of the frottement (friction: an external force which is not G-autonomous), the muscular forces (les efforts musculaires), that are clearly internal forces, allow us to move the centre of mass and then it is possible to walk. Mathematically speaking, this is only because (3) and not (6) is in force.
Because I have noted that the TMCM in old treatises is often considered only in the special case R = 0, I have checked [11] and I have found that from p 435 to p 439 we have the complete list of classical misunderstandings. For example, on p 438 of [11] Delaunay states:
Everything we have already said about a material point (Book II) can be immediately transferred to the motion of the centre of mass of a material system 8 .
I have tried to pursue this analysis, but a detailed discussion on the TMCM is not provided in all the mechanics books as in [2] . For example, in the classical 1904 book by Whittaker [27] , the theorem is neither reported nor discussed at all. In the book by Routh, the theorem is stated only for free systems [24, pp 41-2] . In another anglophile treatise written in the same period as [2] , the 1907 book by Jeans [20] , the motion of the centre of mass is studied on pp 224-6. In this book we read the following laws:
Law I. The centre of gravity of every system of particles continues in a state of rest, or of uniform motion in a straight line, except insofar as the action of external forces on the system compels it to change that state.
Law II. When external forces act on the system, the motion of the centre of gravity is the same as it would be if all the masses of the particles were concentrated in a single particle which moved with the centre of gravity, and all the external forces were applied to these particles.
Jeans does not append any example or remark of significance to such laws.
It is clear that a statement with the wording se meut comme un point matériel or the similar one, the motion of the centre of gravity is the same as it would be if all the masses of the particles were concentrated in a single particle, and the two classical examples where R = 0 and R = Mg are not sufficient to cover the mechanical meaning of the TMCM.
It is interesting to note that in 1904 Marcolongo 9 published a little booklet titled Elementi di Meccanica Razionale [22] . This strange book has a language that seems to me older than the one used by Appell and Jeans, although the books are contemporary. In [22] the TMCM is again stated using a similar wording to the one used by Appell or Jeans, but the theorem is followed by a nice but deep comment:
We note that in the general case R e depends on the position and velocity of the point of the system, and these quantities cannot be expressed via the coordinates and the velocity of G. It is sufficient to think that the same point may be the centre of mass of infinite systems. Therefore, (26) [our (3)] is an important property of the motion of the centre of mass of the system, but it does not allow us to find such a motion, at least in the general case 10 .
It is clear that Marcolongo was aware of the right interpretation of the theorem. The remark about the fact that the same Euclidean point may be the centre of mass of an infinite number of material systems is the same as that reported by Benvenuti in [9] to show that the Cauchy problem based on (3) cannot be well-posed from a mathematical point of view (the existence and uniqueness of the solution). The sloppy wording used for the TMCM is clearly the reason why in many books and textbooks, the wrong statement is affirmed that the motion of the centre of mass is always independent of the internal forces. To have an idea of how this wrong statement propagates, we may for example read the book by Herbert Goldstein on classical mechanics. We note that this book is an ISI citation classic and it has been reprinted many times from the first edition in 1948; still today the book is in print in the version [16] . In this book, just after formula (1.22) (exactly equivalent to (3) but where the dependence of the resultant of the external forces is not reported as explicitly as here) we read:
Purely internal forces, if they obey Newton's third law, therefore have no effect on the motion of the centre of mass. An oft-quoted example is the motion of an exploding shell . . . . The same principle is involved in jet and rocket propulsion.
As you can check, this wrong statement is substantiated by the two usual special examples where we have G-autonomy.
Pietro Benvenuti (private communication) used to explain the exceptional status of a Gautonomous set of forces with a simple, funny and paradoxical example. In many elementary textbooks of physics you find the projectile example. A projectile is thrown in air under the action of gravity. Before the explosion the centre of mass describes a parabola, and after the 9 Rome 1862-Rome 1943. 10 Si deve per altro osservare che in generale R e dipende dalla posizione e della velocità dei singoli punti del sistema, le quali non possono certamente esprimersi per le coordinate e la velocita di G. Basta osservare che uno stesso punto può essere centro di massa di infiniti sistemi. Quindi la (26) [our (3)] esprime una notevole proprietà del moto del centro del sistema, ma non ci abilita a determinare tale moto, almeno in generale.
explosion all the various pieces of the projectiles are scattered around but the centre of mass, careless of the chaos around it, continues to describe its parabola. This example is introduced in many textbooks with a certain emphasis and an implicit, proud observation that the centre of mass does not care about internal forces. Now, imagine having a system of two particles falling vertically (to simplify the analysis) towards a horizontal table. Imagine that in the table there is a small hole just in correspondence with the trajectory of the centre of mass of this system (in this case, a straight line). If the motion of the centre of mass of this system obeys an equation like (6) and therefore, as in the case of the explosion of the projectile, the centre of mass can ignore what the pieces of the systems are doing, when the two particles will impact with the table and be stopped, the centre of mass will continue to move through the hole because the equation of motion of G does not depend on P 1 and P 2 . Clearly the paradox is that it is not (6) that holds, but (3).
Goldstein's is not the only book where you can find a wrong or confused statement about TMCM. The 1923 Lezioni di Meccanica Razionale by Tullio Levi-Civita and Ugo Amaldi is the reference book of classical mechanics in Italy with which we continue to teach Meccanica Razionale to different science and engineering students. With respect to the basic theorems for the system of particles and rigid bodies, this book has been deeply influenced by the book of Appell. In [21] , the TMCM is considered on p 307. The wording of the theorem is clearly the Italian translation of the Appell wording. Not only is the theorem is translated word for word, but in the G-atonomous special example of the system subjected only to the weight the authors say that no sforzo muscolare could modify the trajectory of the centre of mass. This is the italian translation of Appell's effort musculaire (muscular forces). The source of the Levi-Civita confusion is To avoid equivocal, it is worth considering explicitly that this situation does not exclude the possibility of flying: indeed, in this situation, an essential role is played by the air, and using wings or other devices, we induce external actions to the system we are considering 11 .
This confused statement needs a lot of explanation. Perhaps it is better to say that an internal engine may modify the motion of the centre of mass because of the presence of external forces (like the force of drag of the air) which are not G-autonomous. When non-G-autonomous external forces are around, TMCM gives relation (3) and not equation (6) . In Levi-Civita's book not only is the wording unclear but the situation is even worse because after this example we read the conservation law of the total linear momentum and on p 309 we read the (exact) Italian translation of the example of the marché on p 22 of [2] . This example, without Appell's Remarque, may be only another source of confusion. In Lezioni di Meccanica Razionale by Bruno Finzi 12 , the famous professor of Meccanica Razionale at the Politecnico di Milano, where many chapters are just a sort of summary of the Levi-Civita book, the TMCM is on p 64 of volume II. The structure of the section is similar to the one of Levi-Civita, but Finzi says:
From the theorem of the motion of the centre of mass we obtain in a straight way that via internal force we do not change, directly, the motion of the centre of mass 13 .
I have added the italics to emphasize that Finzi feels it is important to append a fundamental clarification to the Levi-Civita structure in the section: the word directly. The internal forces cannot change the motion of the centre of mass in a direct way, but clearly they can do indirectly.
In the book 14 [25] Antonio Signorini 15 , a professor of Meccanica Razionale well known for his research in linear and nonlinear elasticity, and was a teaching assistant of Levi-Civita, we find a true revolution in the wording of the TMCM. On page 31 of [25] we read:
. . . for all time t the acceleration of the centre of mass is the same as a material point, whose mass m is the total mass of the system, and which is under the action of the sum of the external forces 16 .
Signorini does not speak of the motion of the centre of mass in reading equation (3) but speaks of the acceleration of the centre of mass and this is, in my opinion, a fair wording of the theorem. I was not able to find this wording in many other textbooks of mechanics, but in the book by Arnold [3] we read:
The rate of change of momentum of a system is equal to the sum of all external forces acting on the points of the system. The Appell tradition is the standard, but in the book by Piero Giorgio Bordoni 17 , a professor based in Roma La Sapienza and a doctoral student of Antonio Signorini, mainly interested in solid state physics, we find two long sections about the influenza indiretta delle forze interne del moto del baricentro (the indirect influence of the internal force on the motion of the centre of mass). In [10] we find a complete discussion of the TMCM with many examples (pp 304-8) and the formalization of the definition of G-autonomous sets of forces (p 308). It is interesting to note that Bordoni pointed out another question which may be a source of mistakes:
It is important to point out that the autonomous character of a system of forces does not imply that such a system of forces is equivalent to a single vector. Indeed, the sum F e,a of the system of force in the first cardinal equation is a free vector 18 .
This is another common mistake in many textbooks of physics. This mistake is clearly related to a confusion in the TMCM, because in the motion of a point the various forces are applied on the point, but this is not true for the centre of mass. For a while Bordoni was a professor in Pisa and in this period Pietro Benvenuti was a student at the Scuola Normale. The interest of Benvenuti in the TMCM starts from his interactions with Bordoni. Benvenuti started to think about a problem more interesting and general than the one of the G-autonomous set of forces. He was interested in a proof that the first and second cardinal equations of the dynamics were the only relations that we can derive from the fundamental equations of the dynamics of a system of particles and that are explicitly independent of internal forces. This was an old problem raised by Paul Painlevé in 1930, as noted in [6] . As a byproduct of this research in [7] and [8] we find the determination of all the set of forces for which the motion of the centre of mass is independent of the internal forces.
14 My copy of the book is the second edition of 1954, but the lithograph version of the lecture notes, by Signorini, were around many years before the print versions. 15 Arezzo, 1888-Roma, 1963. 16 . . . a ciascun istante, l'accelerazione del baricentroè la stessa che si avrebbe per un elemento materiale avente la massa m e sollecitato dal risultante delle forze esterne. 17 Roma 1914-Roma 2009. 18É inoltre opportuno rilevare esplicitamente che il carattere autonomo di una sollecitazione non implica affatto la riducibilitá stessa ad un unico vettore. Infatti la somma F e,a della sollecitazione, che figura nella prima equazione cardinaleè un vettore libero, e non un vettore equivalente alla sollecitazione. (For a definition of an equivalent system of forces we refer to [4] , where Beatty uses the more technical word equipollent.) This is a problem more general than G-autonomy. Indeed, if you are not able to determine the motion of the centre of mass using (3), it is always possible to do that using also the second cardinal equation 0 (P 1 , . . . , P N , v 1 , . . . , v N ) ,
where M 0 is the sum of all the external moments acting on the system. Then, there are special sets of forces and moments such that the combination of (3) and (7) may give a system of differential equation from which it is possible to determine uniquely the motion of the centre of mass. If we restrict our attention to G-autonomous sets of forces, we have the most general set of forces acting on a system of particles . . . , P N , v i , . . . , v N , t) ≡ R(G, v G , t) is given by the following vectors:
where k and h are constants that must be the same for any f i (i = 1, . . . , N). Therefore, if and only if (8) is in force, the motion of the centre of mass may be determined by a Cauchy problem based on (6), but it does not mean that only when (8) is in force the motion of the centre of mass does not depend on the internal forces. This is a more difficult question and we refer to [9] for a discussion of this more general and difficult problem.
To the best of my knowledge there have been only three people that were interested in the problem of the G-autonomy, all three Italians. Pietro Benvenuti is one and the other two are Aldo Belleni Morante 19 and Fiorenzo Nappo. Aldo Belleni-Morante was a scientist based in Florence and is well known for his studies of the mathematical equations of neutron transport via semigroup theory. In [5] we find some special forms of (8) of interest in automatic control. Nappo was a teacher of mechanics in the same department as Bordoni and Benvenuti in Rome. In [23] , we find an alternative derivation of (8) from the one proposed in [7] . We note that Benvenuti was able to determine (8) by discussing the solutions of the Cauchy functional equation f (x + y) = f (x) + f (y), an equation deeply studied by the German mathematician Georg Hamel who wrote an important book in mechanics. On p 52 of [17] we find again the Appell wording for the TMCM 20 . No examples and/or remarks are added. It is clearly impossible to review all treatises of mechanics, but it is clear that the standard for the TMCM is the Appell wording. The problem is that few are able to make the mechanics behind the theorem clear as Appell has done. Sometimes there is a neutral attitude as for example in the book of Synge [26] , where just after the proof of the statement, the authors add The conclusions to be drawn from the preceding principle are simple and interesting when the vector sum of the external forces is zero. This is the Pontius Pilate way to address the question. In the end I was able to find a clear version or explanation of the TMCM only in Appell and some, but not all, of the Italian school (Marcolongo, Signorini, Bordoni). Arnold states with an original and fair wording the theorem but he is not interested in discussing it.
I will end up this section with one more example taken from the book by Gallavotti and then from some textbooks of physics. On p 148 of the English version of Gallavotti [15] there are two important remarks: that, in general, equation (3.2.19) is not a closed equation: the right-hand side cannot, in fact, be computed without already knowing the locations and the speeds of all the particles of the system. Nevertheless, there are some exceptional particular cases of special importance. For instance, if the external force acting on the j th point is independent of its position and velocity: this is the case of the gravity force.
(4) It is worth stressing that, in general, it is not true that the momentum of the external forces can be computed by imagining the total force as applied to the baricenter; i.e. as (x G − α) ∧ R (e) . Neither it is generally true that the derivative of the angular momentum of the baricenter, i.e. of M(x G − α) ∧ẋ G , is the momentum of the total external forces.
Equation (3.2.19) is obviously equation (3)
. Moreover, we point out that the word baricenter, from the ancient Greek barys (heavy) and kentron (centre), is used as a synonym for centre of mass. It is interesting to note that the book by Gallavotti has been translated in English, but ignored. Gallavotti's point (4) is important because many textbooks contain mistakes arising from this confusion. (See also the quotation from the Bordoni book.) This is another test which shows that the authors are confused about the TMCM.
It is clear that in physics books dealing with mechanics, it is still more difficult to illustrate the TMCM without confusion and perhaps wrong statements. This is because sometimes physics courses are delivered in front of students who do not know much about differential equations. Indeed, I must say that in many textbooks you will find the same wrong statement as in [16] , but not always. For example in the Alonso-Finn book [1] we read explicitly a wrong comment on the theorem. In the Feynman Lectures on Physics, paragraph 18-1, we read, after a computation that delivers what corresponds to (3) where obviously the dependence of R is omitted, the following unclear wording:
Thus we find that the external force is the total mass times of an imaginary point whose location is in R ≡ i m i r i /M . We point out that the strange idea that the centre of mass is an imaginary point is not new but was already indicated in [20] . The examples added by Feynman are the space ship under zero external forces (the classical example when you speak of the TMCM with a physicist) and a comment about rocket propulsion. These are, as we have already pointed out, very special examples. They are correct and important, but they cannot be used to go to the heart of the problem. This is another kind of obstacle to the correct presentation of the TMCM: the use of examples so special that they easily open the door to misunderstanding and confusion. For example, in another well-known book [18] , the TMCM is presented in a fair way, but once again they discuss at length only the important example of null external forces, the important example of a system of particles under the unique action of their own weight and a third example, the dancer's grand jeté where a festival of unclarity hits the reader. Indeed, they clearly identify the body of the dancer as a non-rigid body, but they apply the weight of the dancer to the centre of mass. The possibility of exchanging an equivalent system of forces is admissible only in rigid body mechanics. The mistake seems to be suggested by the TMCM and the wrong idea that the sum of external forces is applied to the centre of mass, but this is clearly not the case. This is the reason for the warning by Bordoni and Galavotti.
In the Italian textbooks of physics, which are usually more loquacious than average, it is easy to find a greater number of confused and wrong statements.
An example
As we have tried to summarize in the previous section, the role of examples is fundamental to providing the right insight into the TMCM. For this reason, we give a simple example that may show in a direct, clear and mathematical way all the underpinnings of the problem.
We consider two particles P 1 and P 2 , with masses m 1 and m 2 ( figure 1) . To simplify the computations we assume that the motion of the particles is always in the plane where we have introduced a reference system {i, j} and an origin O such that OP 1 = x 1 i + y 1 j and OP 2 = x 2 i + y 2 j. On these particles, the following set of forces acts: • an external constant force f = f 0 i acting only on the particle P 2 ;
• an internal set of forces F I 1 = −KP 2 P 1 acting on P 1 and F I 2 = −KP 1 P 2 acting on P 2 . Now we constrain the particles to belong to the x-axis and we suppose that this constraint is ideal (i.e. workless). Then we write down the fundamentals for such particles
where Φ i are the reaction forces. Clearly we have that Φ 1 = p 1 and Φ 2 = p 2 and along i we have
It is clear that in this case the component along i of equation (3) is
where M = m 1 + m 2 . If we consider that Mx G = m 1 x 1 + m 2 x 2 , we have
and we point out that this equation does not allow determination of the motion of the centre of mass, because this is not a differential equation. Therefore, this equation is not the same as Newton's equation of a particle (1) . If the following conditions k 1 = km 1 and k 2 = km 2 are applied, then we have that the sum of the external active forces (we do not have to consider the forces associated with the constraints) is given by
, and therefore this set of forces is G-autonomous and (11) reduces to an ordinary differential equation
from which it is possible to determine the motion of the centre of mass. In this case, it is clear that the motion of the centre of mass cannot depend on the parameter K, i.e. the elastic stiffness of the internal spring. Let us again consider the general case and let us compute a special class of solutions of the system (9), the equilibria. In this case we have just to solve a linear set of algebraic equations:
The solution of this system is simple. It is
It is then possible to compute
It is clear that the position of the centre of mass depends on K and therefore depends on the internal set of forces. If we have k 1 = km 1 and k 2 = km 2 , the position of the centre of mass becomes x G = f 0 /k and in this case, because the set of external forces acting on the system is G-autonomous, the position of the centre of mass does not depend on the internal forces, but this is a very special situation. This example may be used at different levels of complexity. In my opinion if the students know about differential equations, then the right strategy is to point out that (11) is not a differential equation, but just a relation, and that because it depends on x 2 = x 2 (t), the motion of the centre of mass may depend on the internal forces. This can be done explicitly by considering the static solution. It is clear that this point is truly clear to the students if they have a clear idea that a principle of equilibrium is possible only when the Cauchy problem has a unique solution. The special case given in (12) is also important to clarify the example.
If there is no knowledge of differential equations, then the explicit example is just algebraic and could be used to avoid confusion in a simple and direct way. This allows one to alert the students to the true status of the TMCM and to answer in a careful and scientific way to those students that Benvenuti denotes as perspicacious.
Conclusions
You may think that the idea of a G-autonomous set of forces is in some sense an artificial mathematical idea useful only to understand the TMCM deeply. This is not the case. Indeed the TMCM is directly related to the mathematical model of a point particle, i.e. to the appropriate mathematical representation of any object whose size, shape, and structure is irrelevant in a given context. In many textbooks you will read that the justification of this mathematical model is indeed (3). This is not correct; the possibility of justifying the model of a point particle needs two steps. First we have to justify the model from a kinematical point of view in arguing that we do not need the information lost by ignoring the size, shape and structure of the real object. Then we have to justify the approximation from a dynamical point of view. This means that we need to check how good the approximation
is, where f i are the G-autonomous forces (8) . This second point is not always possible for example if we are considering the motion of a spinning ball. In this direction, I was able to find a discussion of the model of a point particle only in [13] . On p 373 of the second volume of the lectures by Ferrarese we read:
The theorem of the motion of the centre of mass is a posteriori justification of the idealization of the material point, but at the same time it is a way to understand the limits of such a model and this is because this idealization needs as a necessary prerequisite that R (e) is as in (16) 21 . . . . (16) is exactly our (15) . Ferrarese is saying that the TMCM is used a posteriori to justify the idealization of a material point, but at the same time it is a way to understand the limits of this model; this is because this theorem spots that the model of a material point is possible if and only if R (e) is well approximated by (15) . This is an important remark and I point out that Ferrarese was a student of Signorini.
The Ferrarese formula
I wish to point out that relation (3) is not sufficient to determine the motion of the centre of mass also in rigid body dynamics. In this case considering, for example, the Euler angles 
It is then clear that again in general this is not a differential equation. This is the reason why an initial spin applied to a ball may change in a serious way its trajectory. In general, the resultant of the external force may depend on the Euler angles. The TMCM is not so simple as it seems at first sight. The aim of this paper was to point out this situation because many books and textbooks on mechanics or physics are too sloppy and sometimes are completely wrong about TMCM. We have analysed this problem using a sort of historical approach and we have shown that the wording used by Paul Appell and the authors of many other books is not optimal, and indeed this wording during the years accumulates mistakes and confusion. In some sense we have fallen down from the shoulders of the giants on to a muddy path. I hope that my historical remarks may help teachers in classical mechanics to be more careful in speaking of TMCM. Moreover, I think that my remarks will be of interest also to researchers involved in the philosophy and sociology of science.
